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We calculate the four-loop massless QCD corrections with three closed quark lines to quark and
gluon form factors. We apply a novel integration by parts algorithm based on modular arithmetic
and compute all relevant master integrals for arbitrary values of the space-time dimension. This is
the first calculation of a gluon form factor at this perturbative order in QCD.
In this Letter, we consider four-loop corrections in
massless Quantum Chromodynamics (QCD) to the ba-
sic quark and gluon form factors for the photon-quark-
antiquark vertex and the Higgs-gluon-gluon vertex in the
infinite top-quark-mass limit, respectively. They describe
the purely virtual QCD corrections to two of the most im-
portant Large Hadron Collider processes, the production
of a Drell-Yan lepton pair [1] and the production of a
Higgs boson via gluon fusion [2] in the infinite top-mass
limit [3–6]. Moreover, the poles of the bare loop form
factors up to O (−2) in the  expansion [7] allow one
to extract the four-loop cusp anomalous dimensions for
the quark and the gluon, respectively. These quantities
enter state-of-the-art resummed predictions (see [8] and
the references therein for more details).
As has long been known, the cusp anomalous dimen-
sions play a central role in the renormalization group
evolution of the massless QCD form factors [9] and ef-
fectively characterize the leading infrared divergences at
L-loop order which are not fixed by lower-loop contribu-
tions. In a recent paper [10], first results for the four-
loop quark form factor and cusp anomalous dimension
were presented for a subset of the fermionic terms in the
large-Nc limit of the gauge group SU(Nc). Two other
recent four-loop quark cusp anomalous dimension calcu-
lations were carried out by computing appropriate ma-
trix elements of soft Wilson lines [11] or parton splitting
functions [12]; indeed the cusp anomalous dimensions are
universal quantities relevant to many aspects of massless
QCD and, accordingly, they may be computed in many
different ways. In a related note, we would also like to
mention a recent ab initio calculation of the unintegrated
four-loop form factor in N = 4 supersymmetric Yang-
Mills theory [13, 14].
Nevertheless, the complete calculation of the four-loop
cusp anomalous dimensions and form factors remains a
challenge, both because of the integral reductions and the
calculation of the master integrals. The gluon form factor
is particularly demanding. The unreduced quark form
factor features, at worst, twelve-line integrals with nu-
merator insertions of rank five, but the unreduced gluon
form factor (and, actually, already its N3f contributions)
has twelve-line integrals with up to rank six numerator in-
sertions. In the usual approach to multi-loop form factor
calculations, integration by parts (IBP) identities [15, 16]
are exploited to reduce the loop integrals using Laporta’s
algorithm [17]. Public computer packages [18–20] exist,
but face significant technical limitations for the problem
of interest. Laporta’s original algorithm involves the so-
lution of a large linear system of equations with polyno-
mial entries, a task which is well-known to cause both run
time and memory management issues for practical imple-
mentations. New approaches have been discussed [20–25]
to reorganize the IBP identities and thereby allow for a
more efficient reduction.
In [26], we proposed to improve Laporta’s algorithm
by sampling the IBP equations with integer numbers for
the variables, employing modular arithmetic for the re-
duction step and reconstructing the full rational solution
from sufficiently many such samples. For the calculation
presented in this Letter, we use a new computer program
(Finred) developed by one of us, which is based on this
novel method. For the reductions of the three-loop form
factors, the new program is faster than Reduze 2 [19] by
two orders of magnitude on a desktop computer.
In this Letter, we compute the N3f contributions to the
bare quark and gluon form factor at four-loop order in
massless QCD, where Nf is the number of light quark
flavors. For the gluon form factor, this is a new result,
while for the quark form factor it is a check of the N3f re-
sult of [10]. After giving a brief general description of our
calculation, we present closed-form results for the eight
N3f master integrals valid for arbitrary values of the pa-
rameter of dimensional regularization. We then provide
-expanded results for the N3f form factors through the
finite terms and discuss the cross-checks which we car-
ried out to validate our results. Finally, we conclude by
discussing how the methods that we have developed may
allow for the calculation of the still-unknown contribu-
tions to the four-loop quark and gluon form factors.
The bare quark and gluon form factors we
are interested in, F¯qbare
(
αbares , q
2, µ2 , 
)
and
F¯gbare
(
αbares , q
2, µ2 , 
)
, are given respectively by the
interference of the bare three-point functions for
γ∗(q) → q(p1)q¯(p2) and the infinite top-mass limit of
h(q) → g(p1)g(p2) with the corresponding tree-level
expressions. We employ conventional dimensional
regularization and sum over color and polarizations of
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2the external particles. The absolute normalization of our
perturbative expansions is precisely that of references
[27, 28]; we divide our results by the appropriate squared
tree-level matrix elements and proceed with the MS
renormalization scheme in mind,
F¯q,gbare
(
αbares , q
2, µ2 , 
)
= (1)
1 +
∞∑
L=1
(
αbares
4pi
)L(
4piµ2
−q2
)L
e−LγE F¯q,gL ().
Here, all partons are treated as massless, p21 = p
2
2 = 0,
q2 = (p1 + p2)
2 is the momentum transfer squared, αbares
the bare strong coupling constant, µ the ’t Hooft scale,
γE Euler’s constant, and  = (4− d)/2 the parameter of
dimensional regularization.
The first step of the calculation is to generate all four-
loop Feynman diagrams which contribute to the term
proportional to N3f in the form factors, F¯q4 ()|N3f and
F¯g4 ()|N3f , using the program QGraf [29] in two differ-
ent gauges. One calculation is performed in general
Rξ gauge, where we keep all dependence on ξ and al-
low for arbitrary reference vectors for the parametriza-
tion of the polarization vectors of the external gluons.
The other calculation uses ξ = 1 background field gauge
[30], which leads to different interactions and a differ-
ent number of contributing Feynman diagrams for the
gluon form factor. All diagrams can be matched onto
two integral families, one planar and one non-planar, us-
ing Reduze 2. Once all four-loop diagrams have been
appropriately normalized and interfered with the tree-
level diagram, the required numerator algebra is carried
out in Form 4 [31, 32] for the Rξ gauge version of the
calculation and in Mathematica for the background field
gauge version of the calculation.
For the IBP reductions of the loop integrals with
Finred, we used 64 bit prime numbers both for the fi-
nite field modulus and to sample d. The reconstructed
reduction identities are tested for correctness by checking
the solution obtained for at least five further independent
samples. We find 109 inequivalent planar and non-planar
sectors, for which we generate up to O (108) equations
per sector at the outset. Although ten master integrals
occur at intermediate stages of our calculation of the N3f
terms, two of the master integrals drop out of our final
results. Using the conventions of [8] with q2 = −1 and
a normalization of (Γ(1 − )/(ipi2−))4 we find for the
remaining eight master integrals
=
Γ(2− 3)Γ10(1− )Γ2()Γ(4− 2)
Γ(4− 5)Γ2(2− 2)Γ(2)
(2)
=
Γ2(2− 3)Γ10(1− )Γ()Γ(4− 2)
Γ(4− 5)Γ3(2− 2)
(3)
=
−Γ(2− 4)Γ11(1− )Γ3()Γ(4− 1)
Γ(3− 5)Γ3(2− 2)Γ(3)
(4)
=
−Γ(2− 4)Γ(1− 2)Γ10(1− )Γ3()Γ(4− 1)
Γ(3− 5)Γ3(2− 2)Γ(2) (5)
=
−Γ(2− 4)Γ(1− 3)Γ10(1− )Γ2()Γ(4− 1)
Γ(3− 5)Γ3(2− 2) (6)
=
Γ2(1− 4)Γ10(1− )Γ3()Γ(4)
Γ(2− 5)Γ3(2− 2) (7)
=
2Γ(1− 4)Γ(−2)Γ(−)Γ3()Γ(+ 2)Γ(4+ 1)Γ9(1− )4F3(1, 1, + 2, 4+ 1; 2, 2, 2− ; 1)
Γ(1− 6)Γ2(2− 2)Γ(2− )Γ(2)Γ(+ 1)
+
Γ(1− 4)Γ(1− 2)Γ2(−)Γ2()Γ(4)Γ(+ 2)Γ8(1− )4F3(1, 1, 1− 2, + 2; 2, 2, 2− ; 1)
Γ(1− 6)Γ2(2− 2)Γ(2− )Γ(2)
+
−Γ2(1− 4)Γ(2− 3)Γ2(−)Γ2()Γ(4+ 1)Γ8(1− )4F3(1, 1− 6, 1− 4, 2− 3; 2− 5, 2− 4, 2− 4; 1)
2Γ(2− 5)Γ2(2− 4)Γ2(2− 2)Γ(2+ 1)
+
Γ(1− 4)Γ(−2− 1)Γ2(−)Γ2()Γ(4)Γ(+ 2)Γ(4+ 1)Γ8(1− )5F4(1, 1, 2− 4, + 2, 4+ 1; 2, 2, 2− , 2+ 2; 1)
Γ(1− 6)Γ2(2− 2)Γ(2− )Γ(2)Γ(4− 1)
+
−Γ4(−)Γ2()Γ(2+ 1)Γ7(1− )4F3(1− 6, 1− ,−2, 2; 1− 3, 1− 2, 1− 2; 1)
4Γ(1− 3)Γ2(2− 2) (8)
3=
−2Γ2(1− 3)Γ(−)Γ()Γ(4)Γ(+ 2)Γ9(1− )4F3(1, 1, 4, + 2; 2, 2, 2− ; 1)
Γ(2− 6)Γ2(2− 2)Γ(2− )Γ(+ 1)
+
2Γ2(−)Γ()Γ2(3− 1)Γ8(1− )4F3(2− 6, 1− 3, 2− 2, ; 2− 4, 2− 3, 2− 3; 1)
Γ(2− 4)Γ(2− 2)Γ(3)
+
2Γ(2− 3)Γ(−3)Γ2(−)Γ(4)Γ(+ 2)Γ8(1− )5F4(1, 1, 2− 3, 4, + 2; 2, 2, 2− , 3+ 1; 1)
Γ(2− 6)Γ2(2− 2)Γ(2− )
(9)
Eqs. (2)-(7) are derived by integrating out massless
one-loop bubble and one-external-mass one-loop triangle
integrals one loop at a time. The procedure is carried
out in practice using an automated Mathematica script
written by one of us. Eq. (8) follows from Eq. (13) of [33]
after integrating out two one-loop massless bubble inte-
grals, whereas Eq. (9) is a new result of this article. It is
straightforward to derive Eq. (9) by first integrating out
two massless one-loop bubble integrals, using the setup of
[34] for the two-loop crossed form factor integral topology
with general indices, and then explicitly carrying out the
remaining non-trivial Feynman parameter integrations.
For the -expansion of the exact expressions (2)-(9) we
employ the software package HypExp [35].
We find for the quark form factor
F¯q4 ()
∣∣∣
N3f
= CF
[
1
5
(
1
27
)
+
1
4
(
11
27
)
+
1
3
(
10
27
ζ2
+
254
81
)
+
1
2
(
−82
81
ζ3 +
110
27
ζ2 +
29023
1458
)
+
1

(
302
135
ζ22
−902
81
ζ3 +
2540
81
ζ2 +
331889
2916
)
− 2194
135
ζ5 − 820
81
ζ3ζ2
+
3322
135
ζ22 −
20828
243
ζ3 +
145115
729
ζ2 +
10739263
17496
+O()
]
(10)
and for the gluon form factor
F¯g4 ()
∣∣∣
N3f
= CA
[
1
5
(
1
27
)
+
1
4
(
5
27
)
+
1
3
(
−14
27
ζ2
−55
81
)
+
1
2
(
−586
81
ζ3 − 70
27
ζ2 − 24167
1458
)
+
1

(
−802
135
ζ22
−5450
81
ζ3 − 262
81
ζ2 − 465631
2916
)
− 14474
135
ζ5 +
4556
81
ζ3ζ2
− 1418
27
ζ22 −
99890
243
ζ3 +
38489
729
ζ2 − 20832641
17496
+O ()
]
+ CF
[
1
3
(
−2
3
)
+
1
2
(
32
3
ζ3 − 145
9
)
+
1

(
352
45
ζ22
+
1040
9
ζ3 +
68
9
ζ2 − 10003
54
)
+
4288
27
ζ5 − 64ζ3ζ2
+
2288
27
ζ22 +
24812
27
ζ3 +
3074
27
ζ2 − 508069
324
+O ()
]
,
(11)
where CA and CF are, respectively, the quadratic Casimir
invariants of the adjoint and fundamental representations
of the gauge group.
We carried out several cross-checks to validate our re-
sults. First, we obtained identical results in general Rξ
gauge and ξ = 1 background field gauge. In particu-
lar, the exact cancellation of all terms depending on ξ
or the gluon polarization reference vectors represents a
strong check on the reduction identities. Due to the sim-
plicity of the master integrals relevant to the N3f terms,
we could use FIESTA 4 [36] to check all master integrals
through to weight six to part per mille precision or bet-
ter. An important check on the pole terms ofO (−3) and
higher was a comparison to the predictions of the evolu-
tion equation. Using Eq. (2.17) of [37], we find that
our higher-order poles have exactly the form required.
Our results for the O(−2) poles allow us to extract the
N3f contributions to the four-loop quark and gluon cusp
anomalous dimensions
Γq4
∣∣∣
N3f
= CF
[
64
27
ζ3 − 32
81
]
(12)
Γg4
∣∣∣
N3f
= CA
[
64
27
ζ3 − 32
81
]
(13)
which is in agreement with the result of [11]. Note that
the CF contribution to the gluon form factor arising from
non-planar diagrams drops out for the cusp anomalous
dimension as expected from the Wilson loop picture, and
Casimir scaling [38, 39],
Γq4|N3f
Γg4|N3f
=
CF
CA
, (14)
holds for this class of contributions. For the quark form
factor, we compare our result (10) to the N3f contribution
in [10] and find complete agreement.
Let us conclude by giving a brief outlook for the cal-
culation of the remaining corrections to the quark and
4gluon form factors which are still unknown. We expect
the Finred program developed to carry out the research
described in this Letter to allow for the calculation of the
remaining reduction identities. For the calculation of the
master integrals, a fruitful approach in many cases is to
employ a basis of finite integrals [40]. In this way, the
master integrals become accessible to direct integration
methods, either analytically using e.g. HyperInt [41] or
numerically, see [8] for more details. A detailed discus-
sion of finite form factor and other Feynman integrals
from a numerical perspective will be given in a forth-
coming paper.
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